Let w
e be an open bounded, simply connected, subset of the plane <9xfxf with a sufficiently smooth boundary, whose area is A (o> e ) = meas co e = s 2 . In what follows, we shall consider a beam occupying volume fT = o> F x (0, L), L > 0, and we shall write : 7 £ -3a> 8 ? H = co e x {0, L} , H = 7 e x (0, L) .
(1.1)
We dénote by x e = (xf, xf, xf), (xf, xf) e 00 e , a generic point in Ô £ and by d E a the differential operator d/dx^ The outward unit normal to 8o) e will be denoted by n z -(«*). From now on, we assume that the cross section <o Ê is simply connected and the beam is made of an homogeneous, isotropic and linear elastic material of modulus of elasticity E and Poisson's ratio v which we suppose to be independent of e. The method can be extended to the case of a connected cross section and anisotropic material and/or variable cross section but the notations become more complex and we shall not consider them here.
Moreover, with no loss of generality, we assume that Ox\x\x\ is a principal system of inertia associated with the homogeneous body H We shall now define some functions and constants which play an important role in what follows and which characterize the geometry of the cross section 00 
TIMOSHENKO'S CLASSICAL BEAM THEORY
We dénote by fï(x e ) (resp. gï(x B )) the z-th component of the volume (resp. surface) density of the applied body forces (resp. surface tractions) at a point x e G Q e (resp. x E e Tf). Moreover, u e = (wf) : II e -> R 3 dénotes the displacement field due to the applied forces and a 8 = (o^) : Cl E -•R? = = | T e = (Ty) G M 9 : Ty = TJ,} its associated stress field.
vol. 24, n° 5, 1990 654 L TRABUCHO, J M VIANO Let Ff(xl) and M^x^) dénote the linear force and moment densities, respectively, in the x\ direction and at a section co e x {xf}, that is : Ff = f ff+\ 9t, (2.1)
2)
Ml = f (*f/ 2 e -*!/f)+ f Wflfl-xlflï)-(2-3)
On each cross section w e x {x|}, we dénote the stress résultants along direction xf by #/(x|) and by mf(xl), where : Stress résultants ^^(^3) an(^ ^K^l) are designated by shear force along direction x^ and axial force (along direction x%), respectively. Stress résultants m^xf) and m 3 e (xj) are designated by bending moment associated to axis Oxp, (p ^ a) and by torsion moment (associated with axis OX3), respectively.
We consider a weakly clamped condition at both ends, as in Cimetière et al. [9] . If we introducé the admissible displacement and stress fields : From a well-known resuit of Brezzi [3] for mixed formulations, and from Korn's inequality (Duvaut-Lions [12] ), the existence of a unique solution to problem (2.9)-(2.10) is obtained when the applied loads satisfy, for example, the following regularity assumptions :
The particular geometry of the beam as a three dimensional solid and the fact that e is very small when compared to the beam's length L, gave rise to simple models relating the displacement (w e ) and stress (<x £ ) fields to the applied loads (f* and g e ). Invariably these models are based on a priori assumptions on the displacement field (and consequently on the stress field) leading to remarkable simplifications on the equilibrium équations. Typical examples of these models are Saint Venant's torsion theory and the bending théories of Bernoulli-Euler-Navier and of Timoshenko.
The theory of Timoshenko [23] was formulated in 1921. It pro vides a simple way to take into account an additional contribution to bending déformations due to the non uniform shear stress distribution along the cross section, This effect, which is not included in the classical theory of Bernoulli-Euler-Navier, cannot be neglected for relatively short beams with relatively large transversal sections. Moreover, these stresses are also involved in the main mechanism associated with delamination in multilayered structures.
We shall now summarize Timoshenko's beam theory following DymShames [13] and Fung [15] . For the sake of simplicity and since Timoshenko's theory is only concerned with bending effects, we assume that the System of applied forces satisfies :
In this case, the kinematic a priori hypothesis associated with Timoshenko's beam theory are :
i) The transversal displacements depend only on x|, that is :
ii) The axial displacement u\ is of the form :
where t5* is a function of JC| only which must be determined.
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where k z is Timoshenko's constant which dépends on the material the beam is made of and on the shape of its cross section. From i)-iii) the NavierCauchy equilibrium équations for Timoshenko's beam theory become : which must be completed with the corresponding boundary conditions. Several aspects of this theory are not ver y clear. For example, from (2.13)-(2.14) and using Hooke's law we obtain -*» 2(1+ v)"-which does not agree with (2.15). Consequently, although the displacement field associated with Timoshenko's beam theory already includes the additional bending déformation due to the shear stress distribution, the stress field itself is not correctly determined. This is due to the introduction of factor £ E in order to account for the non-uniform shear stress distribution along a cross section of the beam, while still retaining the one dimensional approach. Moreover, it is not clear how this factor should be calculated. Timoshenko [23] stated that k e dépends on the shape of the cross section and proposed k E = 2/3 for the rectangular case. Mindlin [18] suggests that its We remark that these constants are used independently of the loading direction and do not take into account possible coupled bending effects. Moreover, for most of the cases the indicated constants are used independently of the relative dimensions of the cross section. Another major drawback of Timoshenko's theory résides on the f act that even when no surface loads are applied on a portion of F\ we always have a shear stress contribution given by u £ 3 a n^, in contradiction with the equilibrium équations.
In the present work we obtain a generalization of Timoshenko's beam theory by using the asymptotic expansion method. The model obtained does not contain the contradictions mentioned above and allows us to justify from a mathematical point of view the classical equilibrium équations. The a priori hypotheses show up as necessary conditions for the existence of the first term of an asymptotic expansion of the stress (CT £ ) and displacement (u z ) fïelds. The governing equilibrium équation associated with the model we introducé is (compare with (2.21)) :
In this équation, « Timoshenko's matrix » components 7^ are defined in a précise way as a function of the geometry of the cross section and of Poisson's ratio. lts calculation is extremely simple (see Section 6) and just involves the calculation of fonctions and constants given in (1.3)-(1.14).
With the exception of some symmetrical cross sections, matrix T E = (T^p) is not diagonal and consequently équation (2. The model (2.22) that we are going to oblain rnay be considcrcd as a second order approximation (in a sense to be precised) of the threedimensional solution (a s , u E ). In order for this to hold it is necessary to assume that the system of applied forces is of the following form :
, r is an arbitrary real number and functions ff, g® are independent on s.
These assumptions seem to constitute a restriction on the loading. However, this is not the case. In fact, the only restriction inherent to these équations is the one of being able to express the applied loads as the product of a power of E by a function independent of e. If that is the case, using a superposition principle, the linearity of the problem allows us to consider any relationship among the applied forces. Consequently, relations (2.23) are sufficient in order to analyse the most common cases in practice. Furthermore, since Timoshenko's theory is just concerned with the bending effects we shall assume that the only significative effects of loading are those due to the linear transverse force densities. Consequently, we assume that : If these conditions do not hold the asymptotic method may be used in the same way. However, the final model is more complex because it will also include other effects : bending, extension, torsion and Poisson's effects (see 25, 26] ). •
THE ASYMPTOTIC EXPANSION METHOD
The asymptotic expansion method whose foundations can be studied in Lions [17] allows us not only to justify from the mathematical point of view, the hypothesis showing up in Timoshenko's beam theory, but also to dérive them. Applications of this method in solid mechanics were done, for example, by Caillerie [4] , Ciarlet-Destuynder [7, 8] , Destuynder [10, 11] , Raoult [19] and Viaiio [30] in order to justify the classical models in plate bending. The study of the linearized theory of beam bending by this method, was already introduced in Rigolot [20, 21] and it was continued in Bermudez-Viano [2] , Aganovic-Tutek [1] and Viano [31] using a mixed variational formulation. In these works the classical Bernoulli-Euler-Navier theory is justifïed but the stress components of p , in the first term of the asymptotic expansion (3.11) are not uniquely determined.
Using the same method and a weakly clamped condition at both ends, the geometrically nonlinear case was analyzed by Cimetière et ai [9] , They proved unicity of a° by imposing the compatibility with higher order terms.
This method is used in Trabucho-Viano [24, 25, 26] in order to calculate the higher order terms in the asymptotic expansion introduced in Bermudez-Viano [2] for the linear case. This allows us to dérive and justify the most well known beam théories both in bending and torsion including Bernoulli-Euler-Navier (see Bermudez-Viano [2] ), Saint Venant, Timoshenko and Vlasov (see 26, 27, 28] ).
As a matter of fact, this work is devoted to dérive a generahzed Timoshenko's model (ïncludmg the classical one descnbed m Section 2 as a particular case) together with îts a priori hypothesis, directly from the three dimensional lmearized elasticity model (2 9)-(2 10) The gênerai results of Trabucho-Viano [26] will be fundamental hère and we shall référence them for the proofs
The main idea m all these works is to consider the problem of findmg the pair (a E , w £ ) of the stress and displacement fïelds which solves (2 9)-(2 10) as a problem dependmg on the small parameter 8 which tends to zero In order to study the behaviour of the solution when e becomes small, we make a change of variable from îl £ to a fixed domain , which does not depend on e and m such a way that this parameter appears m a explicit and suitable manner that makes ît possible to apply the techniques of Lions [17] Specifically, let us introducé the followmg notation
and the followmg function spaces
equipped with the usual norms Given (CT% u z ) G 2 e x V z we defîne the element (o-(e), w(e)) G 2 x V through the followmg transformations, where r is the fixed real number appearing m (2 23) (see Bermudez-Viafio [2] ) where e~4(X(s), |x(e)) -» 0 as e -> 0, in an appropriate space. Substituting (3.11) into (3.5) and identifying the coefficients with the same powers in e, we may characterize the ternis (a 2p , u 2p ), p = 0, 1, 2 as the solution of the foîlowing System of équations valid for ail T e 2 and ail v e V : vol. 24, n" 5, 1990 In Trabucho-Viano [26] it is proved that équations (3.12)-(3.14) déter-mine in a unique way the element V xL 2 
(Ü)x Vx
when certain regularity on the applied loads is assumed.
• Remark 3.1. In Bermudez-Viano [2] existence of (u°, 0-33) and existence, but not uniqueness, of <r ö ai are shown solving (3.12), with a clamped condition at both ends. By working with the equivalent of (3.13)-(3.14), for the geometrically nonlinear case, and considering a weakly clamped condition at both ends, unicity of v°a i is shown in Cimetière et ai [9] . •
APPROXIMATION ON THE ORIGINAL BEAM fl e
From (3.11) we may suppose in an heuristic way that (<r(e), w(e)) is approximated in ft by (a°, w°) or by (a 0 , w°) + e 2 (er 2 , u 2 ) as e becomes small. Consequently by transforming these quantities back to ÏT we obtain quantities (<r° E ,w°E) and (a°£, u °£) -+• (<x 2 e , w 2 e ), which may be considered as the first and second order approximations, respectively, of (a 8 , u z ) solution of (2.9)-(2.10) in n E . Specifically, for ^ = 0,2,4 éléments (o^e 3 w^F) are defined by :
We characterize éléments (a°Ê, w Oe ) (partially contained in BermudezViano [2] ) and (a^3% w 2 E ) through the following result which is an immédiate conséquence of (4.1) and from a more gênerai result contained in TrabuchoViano [26] where the particular case (2.24) is not assumed. PROPOSITION [14] ) exhibited in a gênerai form but the bending terms z\ z which are connected with Timoshenko's theory are also found, as we shall show in the next section.
Firstly, équations (4.8), (4.9) for z 2 Ê represent a torsion problem ; although the total moment about Ox\ due to the applied body forces and surface tractions is zero, there may be a nonzero angle of twist z 2 8 due to the geometry of the cross section. In fact, if the résultant of the applied loads does not pass through the shear centre of the cross section, a moment M^z about Oxl is created originating a rotation on each cross section. We remark that if the cross section possesses two axes of symmetry, or if it only has one axis and if the résultant of the applied loads acts along that axis, then z 2 e is zero Secondly, équations (4 10), (4 11) for u^z represent a contribution to the axial displacement mamly due to Poisson's effects and to the geometry of the cross section Once agam this term is zero if the cross section possesses two axes of symmetry, or if it only has one axis and if the résultant of the applied loads acts perpendiculaily to that axis Moreover, équations (4 12), (4 13) for zl" represent an additional bendmg due to two different types of effects The first one results from the fact that plane sections perpendicular to the centroidal axis, before déformation, do not remain neither plane nor perpendicular with respect to that axis when bending is present This is exactly the effect considered m Timoshenko's beam theory that we shall study m detail in the next section The second effect given by the term involving z 2e m (4 13) represents an additional contribution to bending due to the fact that the total résultant of the applied forces may not necessanly pass through the shear centre and consequently besides the additional torsional effects already mentioned there is also an additional bending effect This term is not present m a exphcit way m the classical torsion-bendmg théories Associated with this additional bending displacement we obtam the bending moment and the shear force components given by (4 21) 
and (4 22), respectively
The last terms m (4 5), (4 6) and m (4 7) represent a déformation due to Foisson's effect associated with the bendmg moments and with the shear force components of the Bernoulh-Euler-Navier displacement field, respectively The classical torsion theory of Saint Venant with Poisson's effects mcludes the terms m (4 5) and (4 6) but the last term m (4 7) seems to have ne ver been presented m this exphcit \va> The first term m équations (4 14) and (4 15) represents a classical contribution to the shear stresses from torsion while the other terms represent a contribution mamly due to shear force components associated with the Bernoulh-Euler-Navier displacement field It constitutes a generahzation of the corresponding classical form m torsion theory (see HlavacekNecas [16] and Trabucho-Viano [27] ) One of the purposes of Timoshenko"s classical beam theory is to give an approximation of this quantity when the torsion effects are neglected (see (2 15)) Equations (4 18)- (4 19) are simply a plane elasticity problem on each cross section and represent the fact that a cross section does not necessanly behave like a rigid body on lts own plane It is interestmg to observe that this phenomenon is obtamed as a higher order effect
The gênerai form obtamed from the former terms is transferred to the axial stress component given by (4 20) From these expressions we conclude that displacements ü$ include a bending effect given by term w£ e + z^e, a torsion effect due to the présence of z e and a last term associated with a Poisson's effect. As a conséquence équations (5.1) and (5.2) constitute a generalization of the displacement field associated with the bending-torsion theory with Poisson's effects which does not include term z\ z (see Fraejis de Veubeke [14] ). Since Timoshenko's beam theory does not take into account torsion or Poisson's effects, a possible model generalizing Timoshenko's classical theory may be obtained by neglecting these effects in â| 3 , u z and in ô-pf which in fact amounts to approximate (a s , u z ) by (â s , û E ) given by :
We remark that in (5.3) we obtained a priori hypothesis (2.13). Expression (5.4) gives us a generalization of (2.14) because besides including quantity ul & it consists mainly in replacing the classical term
It is also clear that (5.6) generalizes the classical expression (2.15) and takes into account the variation of the shear stress component &l a through the cross section. We observe that (5.6) may also be obtained directly from vol. 24 , n e 5, 1990 the displacement field ù\ through Hooke's law eliminating one of the contradictions pointed out in the classical theory. We shall now study these équations in more detail and show how they include Timoshenko's équation (2.21), for sufficiently smooth data. In fact, the differential équation associated with (4.2) is : value problem generalizing Timoshenko's équation (2.21). Boundary conditions (5.14) and (5.15) are not the same as those given in (2.19) because now torsion effects are also included. Neglecting, as in the classical theory, torsion and Poisson's effects, it is logical not to consider the first term on the right-hand side of (5.15). We remark that this term is zero if Ox^ is an axis of symmetry. In summary, the generalized Timoshenko model proposed is given by (5.3)-(5.7) where w* is the solution of (5.13)-(5.15) with u°a z solution of (4.2) and with «Timoshenko's matrix» T z = (r* p ) given by (5.12).
• Remark 5.1. The major idea folio wed in order to obtain model (5.3)-(5.7) consists in neglecting torsion and Poisson's effects from the gênerai équations, obtained via the asymptotic expansion method, and to obey Hooke's law in order to obtain a model as close as possible to the classical one.
However, if we do not require Hooke's law to hold, other models similar to the classical one are also possible. As an example we point out that if one wishes condition à^^n^ = 0 on T\ to hold (which is coherent with the equilibrium équations) then one just needs to substitute (5.6) by obtained from (4.14), (4.15) by neglecting torsion effects only.
These considérations indicate that the correct model one should always consider is the one given directly by asymptotic expansion method. • 6. NEW TIMOSHENKO'S CONSTANTS Equation (5.13) for the transversal displacement û^ takes into account the coupled bending effects not included in the classical theory, through matrix 7^ = (^ap)ï which is not diagonal, in gênerai. Consequently, in order to be able to compare (5.13) with (2.21) we assume that simple bending takes place, that is, ô^-FJj 8 = 0 (p#a). In this case, the following expression :
provides a précise définition for the constant that should be considered for calculating the bending déformations along direction Ox^ when the coupling effect due to loads acting along direction Ox^ is to be neglected. Even though, in the gênerai case, one has T* x ^ T\ v Consequently (6.1) represents an improvement with respect to the classical theory which assumes the same constant for any direction (see the rectangular cross section example presented next).
From définition (5.12) we see that the calculation of Timoshenko's matrix V = (T^p), for a spécifie cross section and a spécifie material, can be done using any numerical method in order to solve problems (1.4)-(1.7) and evaluate constants (1.8)-(1.14) . We shall now illustrate the calculation of this matrix for the most common cross sections. For the circular case an analytical solution is available. For the other cases, we use the finite element method with linear triangular éléments. The results presented next were obtained using a large number of éléments. Ho wever, extremely accurate results are also possible using just a few éléments. Two constants are compared with the classical one in figure 6 .3.
Triangular cross section
As an example, we consider an equilateral triangular cross section of side 1 = 6 and a regular mesh with 1 296 triangles and 703 nodes. The results are as follows : 
